1.. Introduction {#S0001}
================

Diffractionless or propagation invariant optical fields do not present spreading or change in their transverse intensity distribution as they propagate within a finite volume determined by the optical setup. One of the first reports of these propagating fields was done by Fujiwara \[[@CIT0001]\] in 1962, while investigating the images of a reflecting axicon, where he clearly describes the propagation invariance as : *Since the distance does not appear in the argument of J* ~*0*~ \[*the zero order Bessel function*\]*, it is obvious that the size of the diffraction image is always the same for any distance from the cone to its maximum range*. In a similar way, more than two decades later, the Spanish group lead by Gómez--Reino reported that refractive axicons can also produce transverse intensity distributions with propagation invariant properties \[[@CIT0002]\]. When illuminated with a plane wave, either the reflective or the refractive axicon both produce conical waves.

It is interesting to note the very first report of a diffraction pattern with Bessel *J* ~0~ intensity distribution was done by G. B. Airy in 1840 in a study of the diffraction by an annular aperture. In his analysis, he does not refer to the Bessel function but uses numerical values of a, nowadays, known integral representation of it, possibly since Bessel function was not known as such at the time \[[@CIT0003]\]. Follow-up studies have shown that annular apertures play a definite role for Bessel diffraction patterns and also can increase the depth of field of optical systems and, if illuminated with radially polarized light, can yield superresolution \[[@CIT0004]\].

Twenty-five years later to Fujiwara, Durnin and co-workers used an Annular Slit and a Lens (ASL) separated by its focal distance to correct the diffracting wavefront transforming it into conical waves and hence producing a propagating invariant transverse Bessel intensity pattern that they called Bessel nondiffracting beam. From their theoretical analysis, they emphasized that the spectrum of a Bessel beam would lie on a ring what makes them to be related to conical waves \[[@CIT0005]\].

Other propagation invariant beams had been reported since the generation of Bessel beams, high-order Bessel, Mathieu, and Parabolic beams \[[@CIT0008]\]. These beams also have their spectrum on a ring and a characteristic modulating function that should be possible to create them using the ASL setup finding a way to modulate the annular aperture with the corresponding function.

There is another family of propagation invariant fields that propagate along parabolic trajectories, these are the Airy beams. Although not belonging to the same class of propagation invariant fields with conical waves described above, their main propagation features are similar and are easily understood using a traveling waves approach similar to that of Bessel beams since Airy functions belong to the family of Bessel functions \[[@CIT0014]\]. Airy beams are bidimensional, with one longitudinal dimension and a transverse dimension. It is for this reason that, even though they are produced with a cubic phase, their intensity pattern is not the same as that produced by coma aberration in a two-dimensional transverse pattern.

All of the propagation invariant fields mentioned above have the property of self-reconstruction. When they are partially obstructed, they recover its transverse distribution after some propagation distance \[[@CIT0015]\]. It was believed that propagation invariant beams were the only field distributions with this property, but few years ago it was shown that diffractive caustic beams also present similar properties \[[@CIT0017]\].

Recently, it was experimentally demonstrated \[[@CIT0018]\] that phase modulation and amplitude modulation of the incident beam to an axicon produces very different intensity distribution, from that of the Bessel beam. In \[[@CIT0019]\], the modulation in amplitude of the ASL setup with multiple apertures, regularly distributed in the aperture, produced propagation invariant distributions. However, until now it has not been analyzed in other field distributions created by modulating amplitude and particularly in phase, that can be obtained when the incident field is modulated at the aperture in an ASL setup, and must be propagation invariant.

In this work, we have made a numerical analysis of the beams generated when a modulation in the amplitude or in the phase of the incident field is introduced in the ASL setup. The modulation in amplitude is made to the annular mask with apertures not regularly distributed and the modulation in phase to the incident field is made considering a one-dimensional quadratic or cubic phase. It is shown that the obtained field distributions are diffractionless and their cross-section does not have rotational symmetry around the propagation axis. In some cases, caustic diffractionless distributions were obtained. We also present experimental generation of the field distributions obtained by some of the proposed modulations using an amplitude annular aperture illuminated with a He--Ne laser beam.

2.. Analytical description of the ASL setup {#S0002}
===========================================

The spatial evolution of the amplitude *U* of a propagation invariant beam along the *z* axis can be described by the following reduced Whitaker's integral \[[@CIT0006]\]:$$U{(x,y,z)} = \text{exp}\,{(ik_{z}z)}\int_{0}^{2\mathit{\pi}}A{(\mathit{\phi})}{\,\text{exp}\,(i}k_{t}{(x\,\text{cos}{(\mathit{\phi})} + y\,\text{sin}{(\mathit{\phi})})}d\mathit{\phi}/2\mathit{\pi},$$

where *A*(*ϕ*) is a complex function that lies on a ring of radius *k* ~*t*~, in frequency space. The transverse and longitudinal components of the wave vector satisfy the relation $k^{2} = k_{t}^{2} + k_{z}^{2}$, where *k *= 2*π*/*λ* is the magnitude of the wave number and *λ* the wavelength of the field. Equation ([1](#M0001){ref-type="disp-formula"}) is the fundamental solution that determines the propagation invariant fields if *A*(*ϕ*) is known. When *A*(*ϕ*) is a constant, the beam obtained is the zero-order Bessel beam, the function $A\left( \mathit{\phi} \right) = \text{exp}{(\text{im}\mathit{\phi})}$ produces high-order Bessel beams with angular momentum or if $A{(\mathit{\phi})} = \text{ce}_{m}{(\mathit{\phi};q)} + \text{ise}_{m}{(\mathit{\phi};q)}$ the resulting beams is *m*th-order Mathieu beams, where ce and se are the even and odd angular Mathieu functions and *q* is the ellipticity parameter \[[@CIT0009]\]. Thus, it is this *A*(*ϕ*) defined on a ring in frequency space that determines the structure of the propagation invariant field and it will be the main subject of our investigation.

Durnin and co-workers realized that Equation ([1](#M0001){ref-type="disp-formula"}) could be implemented experimentally with an Annular Slit of infinitesimal width and a Lens (ASL), and illuminated with a plane wave setting *A*(*ϕ*) = const what makes the integral to be a representation of *J* ~0~ the zero-order Bessel function of the first type \[[@CIT0005]\]. In detail, to generate a zero-order Bessel beam using the ASL setup we need a positive lens with focal length *f* and radius *R* set at the plane *z *= 0; a screen with an annular transmittance of radius *b* and infinitesimal width not larger than 0.1*b* that is placed at *z *= −*f*. When the screen is illuminated with a collimated light beam, the field after the lens is described by Equation ([1](#M0001){ref-type="disp-formula"}). That field can be interpreted as a conical wave with vectors angled at $\mathit{\theta} = \tan^{- 1}{(k_{t}/k_{z})}$ to the *z* axis \[[@CIT0007]\]. We notice that from the geometry of the ASL setup *k* ~*t*~ /*k* ~*z*~ * *=* b*/*f* and within the paraxial approximation *k* ~*t*~ * *= 2*πb*/*λf*. Geometrically, the distance that the beam can be considered as propagation invariant is given by $Z_{\max} = R/\tan{(\mathit{\theta})}$ \[[@CIT0005]\].

In our case, instead of solving Equation ([1](#M0001){ref-type="disp-formula"}) we approached the problem by the equivalent one of propagating an initial condition of amplitude- or phase-modulated field defined in a thin ring by means of the paraxial wave equation, then after some distance corresponding to the far field a positive lens with an adequate focal length is introduced. The field profiles after the lens were obtained at different propagating planes also monitoring the intensity behavior on axis. The equation was normalized in the transversal coordinate to a transverse parameter *x* ~*0*~ and in the propagation coordinate to *L* ~*D*~ defined as *L* ~*D* ~= *πx* ${}_{0}^{2}$ */λ*.

3.. Numerical results {#S0003}
=====================

We initially simulate the ASL setup having as initial condition a plane wave that it is propagated through from an annular slit with radius *b *= 1 and width Δ*b *= 0.1 and a thin spherical lens of focal length *F *=* *1, and radius of *R *= 16. Under these conditions, the field generated after the lens was practically the zero-order Bessel beam, with on-axis intensity and the intensity profile as that shown in Figure [1](#F0001){ref-type="fig"}.

![Numerical on-axis intensity (*a*) and intensity profile (*b*) for plane wave illumination of the ASL setup using an annular slit of radius 1, a lens of radius 16, and focal length of 1.](tmop-61-046-g001){#F0001}

As it is observed in Figure [1](#F0001){ref-type="fig"}, the on-axis intensity initially is constant, then oscillates, and finally decays to a value of 0.1 at a distance of 16. The intensity profile has central lobe with a radius of 1.2, and eight concentric rings.

After this, we proceeded to study the effect of phase modulation in the incident field to the ASL setup. Two one-dimensional cases were considered: quadratic and cubic phase modulation. The one-dimensional quadratic phase was numerically modeled with the following function $\Delta_{q}{(X,Y)} = \exp\,{(iX^{2}/F_{p})}$ and the one-dimensional cubic phase was modeled with $\Delta_{c}{(X,Y)} = \exp\,{(iX^{3}/F_{p})}$, where *F* ~*p*~ is the cylindrical focal length for the two-dimensional case and it becomes a cubic strength parameter for the cubic case and could be positive or negative.

The results obtained when the incident field to the mask was modulated with a quadratic phase $\Delta_{q}$, with *F* ~*p*~ * *=* *1/8 are shown in Figures [2--4](#F0002 F0003 F0004){ref-type="fig"}. The on-axis intensity of the generated beam is shown in Figure [2](#F0002){ref-type="fig"}, where we can observe that it decreases, in a slow way, as the beam propagated but following a similar qualitative behavior to that obtained for the case without modulation (see Figure [1](#F0001){ref-type="fig"}). The cross-section at two different positions is shown in Figure [3](#F0003){ref-type="fig"}. As we can observe, the pattern does not presented the circular symmetry of the case without modulation, as expected from the phase function. It is interesting to note that changes in the sign of the phase modulation did not give remarkable differences in the pattern.

![On-axis intensity, after the lens, for the beam generated with the ASL setup when incident field was modulated with a quadratic phase $\Delta_{q}$. In this setup, an annular slit of radius 1 and focal length equal to 1 was used.](tmop-61-046-g002){#F0002}

![Numerical cross-section at *z *=* *1 (*a*) and *z *=* *2 (*b*) when incident field was modulated with a quadratic phase $\Delta_{q}$.](tmop-61-046-g003){#F0003}

![Central intensity profile evolution for the beam generated with the quadratic phase modulation $\Delta_{q}$(*a*) and a rear view in (*b*).](tmop-61-046-g004){#F0004}

The intensity profile evolution of this condition along the *x*--*z* plane is shown in Figure [4](#F0004){ref-type="fig"}, where it is possible to observe the typical triangular-shape existence region of existence of a propagation invariant beam characteristic of conical wave fields \[[@CIT0007]\].

Next, we present a very compelling behavior when the incident field was modulated with a one-dimensional cubic phase $\Delta_{c}$ with *F* ~*p*~ * *=* *1/4 as shown in Figures [5--8](#F0005 F0006 F0007 F0008){ref-type="fig"}. The transverse patterns at two different positions are shown in Figure [5](#F0005){ref-type="fig"}. The third-order power of the phase produces an intensity pattern that has a three-blade propeller shape. In Figures [6](#F0006){ref-type="fig"} and [7](#F0007){ref-type="fig"}, we show the intensity profile evolution along the *x*--*z* and *y*--*z* planes, respectively. Once again, the typical evolution of a conical wave field can be observed. We observe that the center of the pattern is not on-axis but shifted along the *x* axis depending on the sign of the cubic strength parameter as can be observed in Figure [6](#F0006){ref-type="fig"}.

![Numerical cross-section at propagation distances *z *=* *1 (*a*) and *z *= 2 (*b*), when the incident field to the ASL setup was modulated with a cubic phase $\Delta_{c}$.](tmop-61-046-g005){#F0005}

![Central intensity profile evolution along *x*-coordinate when incident field was modulated with the cubic phase $\Delta_{c}$ (*a*) and a rear view in (*b*).](tmop-61-046-g006){#F0006}

![Central intensity profile evolution along *y* coordinate when incident field was modulated with the cubic phase $\Delta_{c}$(*a*) and a rear view in (*b*).](tmop-61-046-g007){#F0007}

![Cross-section at *z *=* *2 when the incident field is modulated with the cubic phase as in Figure [5](#F0005){ref-type="fig"} but with the opposite sign.](tmop-61-046-g008){#F0008}

When the sign of *F* ~*p*~ is changed the cross-section rotates 180° with respect to the *z*-axis as it is shown in Figure [8](#F0008){ref-type="fig"}. The propagation of such distribution followed the same behavior described for the opposite sign of *F* ~*p*~.

Now, we change to the modulation in amplitude of the incident field. This modulation was created by partially obstructing the annular mask. Examples of such modulation in amplitude are shown in Figure [9](#F0009){ref-type="fig"}, where portions of 0.1, 0.5, 1, and 1.5 of the annular mask were covered.

![Mask used for amplitude modulation. The annular mask was partially covered with an opaque plane according to the next proportions of the radius: 0.1 (*a*), 0.5 (*b*), 1 (*c*), and 1.5 (*d*).](tmop-61-046-g009){#F0009}

As an example of the intensity distributions obtained with this type of initial condition, we present the results obtained with the mask of Figure [9](#F0009){ref-type="fig"}(*b*). The behavior of the on-axis intensity, Figure [10](#F0010){ref-type="fig"}, was very similar to that obtained for unobstructed annular mask, see Figure [1](#F0001){ref-type="fig"}(*a*). In this case, the cross-section presented a central spot, noncircular, surrounded by bright zones that closely resembled the shape of a parabola, see Figure [11](#F0011){ref-type="fig"}. The evolution of the intensity along the *x*--*z* plane and *y*--*z* plane are shown in Figures [12](#F0012){ref-type="fig"} and [13](#F0013){ref-type="fig"}, respectively. The triangular zone typical of the conical beams was obtained.

![On-axis intensity later of lens, when the initial condition representing by Figure [9](#F0009){ref-type="fig"}(*b*) was used in the ASL setup. For an annular mask of radius 1 and a lens of focal length of 1.](tmop-61-046-g010){#F0010}

![Numerical cross-section at propagation distances *z *= 1 (*a*) and *z *=* *2 (*b*) when the initial condition representing by Figure [9](#F0009){ref-type="fig"}(*b*) was used in the ASL setup.](tmop-61-046-g011){#F0011}

![Central intensity profile evolution in the coordinate *y* when it was used the initial condition representing by Figure [9](#F0009){ref-type="fig"}(*b*) (*a*) and a rear view in (*b*).](tmop-61-046-g012){#F0012}

![Central intensity profile evolution along *x* coordinate when it was used the initial condition representing by Figure [9](#F0009){ref-type="fig"}(*b*) (*a*) and a rear view in (*b*).](tmop-61-046-g013){#F0013}

Amplitude modulation equivalent having symmetric and asymmetric sections of the annular ring were also analyzed. This type of initial conditions is represented in the Figure [14](#F0014){ref-type="fig"}. The behavior of the on-axis intensity, for both cases, was very similar to that obtained for unobstructed annular ring, see Figure [15](#F0015){ref-type="fig"}. However, the cross-sections of both conditions did not presented rings; instead many bright spots were obtained, see Figure [16](#F0016){ref-type="fig"}. When the mask represented by the Figure [14](#F0014){ref-type="fig"}(*a*) was used, the cross-section presented a central array of nine bright spots, see Figure [16](#F0016){ref-type="fig"}(*a*). This central intensity distribution is very similar to the obtained one, by the superposition of four plane waves making the same angle with the optical axis. For the initial condition represented by Figure [14](#F0014){ref-type="fig"}(*b*), the cross-section consisted of bright spots distributed mainly along the *y* direction, see Figure [16](#F0016){ref-type="fig"}(*b*).

![Initial conditions used for the modulation in amplitude of the mask-lens setup proposed by Durnin. The annular mask was covered sections of 0.7 (*a*) and 1.2 (*b*).](tmop-61-046-g014){#F0014}

![On-axis intensity after the lens when the masks represented in Figure [14](#F0014){ref-type="fig"}(*a*) and Figure [14](#F0014){ref-type="fig"}(*b*) is used in the ASL setup.](tmop-61-046-g015){#F0015}

![Cross-sections at *z *= 1, corresponding to the initial condition shown in: (*a*) Figure [14](#F0014){ref-type="fig"}(*a*) and (*b*) Figure[14](#F0014){ref-type="fig"}(*b*).](tmop-61-046-g016){#F0016}

The evolution of the central intensity profiles, of initial condition [14](#F0014){ref-type="fig"}(*a*), after the lens is shown in Figures [17](#F0017){ref-type="fig"} where the typical behavior, of a propagation invariant beam is observed. For the initial condition represented in Figure [14](#F0014){ref-type="fig"}(*b*), the behavior of the intensity was obtained along *y*, Figure [18](#F0018){ref-type="fig"}, and *x*, Figure [19](#F0019){ref-type="fig"}, axis. The intensity evolution along the *y* coordinate demonstrates that for this initial condition, the intensity is not symmetric, see Figure [19](#F0019){ref-type="fig"}(*b*). However, the intensity evolution along the *x* coordinate is symmetric.

![Central intensity profile evolution along the coordinate *y*, after the lens (*a*) for the initial condition represented in Figure [14](#F0014){ref-type="fig"}(*a*) and a rear view in (*b*).](tmop-61-046-g017){#F0017}

![Central intensity profile evolution along the *y* coordinate when the initial condition represented in Figure [14](#F0014){ref-type="fig"}(*b*) was used (*a*) and a rear view in (*b*).](tmop-61-046-g018){#F0018}

![Central intensity profile evolution along *x* coordinate when the initial condition represented in Figure [14](#F0014){ref-type="fig"}(*b*) was used (*a*) and a rear view in (*b*).](tmop-61-046-g019){#F0019}

4.. Experimental results {#S0004}
========================

In this section, we present particular experimental results for some of the cases studied above that demonstrate the generation of propagation invariant beams obtained by phase or amplitude modulation of the incident field to the Annular-Slit-Lens setup. The beam from a 20 mW linear polarized He--Ne laser at 633 nm was spatially filtered and expanded. A quadratic phase modulation of the incident field was obtained using different focal length cylindrical lenses. Different masks were used to emulate the modulation in amplitude of the incident field. An annular mask of 0.1 mm of width and 1 mm of radii and a positive lens of 1 m of focal length and 12.7 mm of radii was used as the basic ASL setup. The *Z* ~max~ with this condition is 12.7 m. The generated intensity distribution was captured with a CCD camera at different distances from the lens, see Figure [20](#F0020){ref-type="fig"}.

![Schematic representation of the experimental setup for the generation of new propagation invariant beams modulating the incident field to the annular mask. (The colour version of this figure is included in the online version of the journal.)](tmop-61-046-g020){#F0020}

The intensity distributions generated after the lens with the quadratic phase modulation to the incident field are shown in Figure [21](#F0021){ref-type="fig"}. Cylindrical lenses of 0.6 and 0.13 m of focal length were used. The wide-phase modulation produces a caustic beam with more structures than the narrow-phase modulation. The top and bottom images were obtained just after the lens and 3 m far from it. As it can be seen, the intensity distribution remained unchanged for several meters. After this distance, the central part of the distribution was the most resistant to changes. A comparison with Figure [3](#F0003){ref-type="fig"} demonstrates that the numerically predicted distribution was very similar to that obtained experimentally.

![Experimental cross-sections obtained when the incident beam was modulated with a quadratic phase. When a 0.6 m cylindrical lens was used and propagation distances of: 0 m (*a*) and 3 m (*b*). When a 0.13 m cylindrical lens was used and propagation distances of: 0 cm (*c*) and 3 m (*d*). (The colour version of this figure is included in the online version of the journal.)](tmop-61-046-g021){#F0021}

In the case of amplitude modulation of the incident field to the mask, we present the results obtained when as initial condition was used a mask as that represented in Figure [14](#F0014){ref-type="fig"}. The images were obtained after the lens to a distance of 0 and 3 m. The top images correspond to a mask with four sectors regularly distributed. In this case, the cross-section presented a central array of nine bright spots. The bottom images correspond to the case when a mask, as that represented in Figure [14](#F0014){ref-type="fig"}(*b*) was used. For this case, the experimental results demonstrate that the central part of the intensity distribution remained unchanged while the rest presented slight modifications, mainly due to the asymmetry of the initial condition. As can be seen, the numerically predicted distribution is very similar to that obtained experimentally (Figure [22](#F0022){ref-type="fig"}).

![Experimental cross-sections obtained when the incident beam was modulated in amplitude. Distance after the lens of: 0 m ((*a*) and (*c*)) and 3 m ((*b*) and (*d*)). (The colour version of this figure is included in the online version of the journal.)](tmop-61-046-g022){#F0022}

Finally, we present experimental results when a cubic phase modulation was introduced in the beam that illuminated the annular mask. This phase modulation was obtained using a spatial light modulator. Two cases are presented. One for 1.26 m (top) and 0.17 m (bottom) of focal length of similar way that modulation of quadratic phase, see Figure [23](#F0023){ref-type="fig"}. The images were taken at 0 and 3 m from the spherical lens. As we can observe, the intensity distribution of the top images is very similar to that calculated in the numerical section. The bottom images present a central region with a very complicated intensity distribution that remains practically invariant for several meters.

![Experimental cross-sections obtained after the spherical lens when a cubic phase modulation was introduced to the incident beam. For a large (top) and a small (bottom) equivalent focal lens. Distance from the lens of: 0 cm (*a*) and (*c*) and 3 m (*b*) and (*d*). (The colour version of this figure is included in the online version of the journal.)](tmop-61-046-g023){#F0023}

5.. Conclusions {#S0005}
===============

In this paper, we have demonstrated numerically and experimentally that with the Annular-Slit-Lens setup to generate propagation invariant fields, it is possible to generate new propagation invariant field distributions when modulation in phase or amplitude is added in frequency space. As a general characteristic of the intensity distribution, obtained with both types of modulation, is the lack of rings contrasted with Bessel beams for which some authors claim that they are the reason for the propagation invariance. In the case of a quadratic phase modulation, the intensity distribution is a caustic beam with the propagation invariant property. The results suggest the possibility to combine both types of modulations in order to generate propagation invariant beams with more complicated structures.
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